In the present paper, a notion of type-2 soft topology is introduced and some of its important properties are studied. For this we have defined product of type-2 soft sets, type-2 soft product spaces, type-2 soft continuous mappings etc. and their topological behaviours are examined.
Introduction
In natural occurance of events, uncertainty is the most prevalent aspect and several theories were developed to deal with it. Probability theory deals with the uncertainties caused by the randomness of a situation but it can not handle other type of situations where the uncertainties evolving out of imprecise informations, limitations of computability and perceptibility etc. L. A. Zadeh [18] , in 1965 introduced fuzzy set theory (FST) and attempted to formalize this grey area. Afterwards many generalizations, modifications and extensions of FST came up with different perspectives and several research works were published on fuzzy subgroups, fuzzy topological spaces, fuzzy topological groups etc. In 1975, Zadeh [19] coined the notion of type-2 fuzzy sets which are characterized by fuzzy membership functions that are themselves type-1 fuzzy in nature. In the theory of fuzzy set as well as type-2 fuzzy sets, membership function play the main role and this function depends on various factors and because of this many complexities are encountered while dealing with it. In 1999, D. Molodtsov [11] proposed soft set as an alternative way. He took parameterized family of sets instead of membership function. He also proved that Zadeh's fuzzy sets were spacial types of soft sets. Therefore, it might be stated that in the field of applications in real life problems the parameterization approach of soft set theory is better user friendly as compared to the membership function approach of fuzzy set theory. Since then research activities are going on with all these theories in their pure form as well as in their hybridizations. Currently research on soft set theory are progressing at a very fast pace and in areas involving soft groups [1] , soft mappings [7, 9] , soft topology [3, 5, 6, 17] , soft topological groups [13, 14] etc. which are applied to decision making problems including texture classification, data analysis etc.
Recently in 2015, Rajashi Chatterjee et al. [4] proposed a parameterized structure for type-2 fuzzy sets and named it type-2 soft sets. As a continuation and observing a huge potential of soft set theory, it is natural to investigate the behaviour of the topological structures in type-2 soft set settings. In this paper, we have introduced a notion of type-2 soft topologies and investigate some of its important properties. 
Preliminaries
In this section, following [7, 8, 11, 15, 16] , some definitions and results of soft sets, soft mappings and type-2 soft mappings are given. Unless otherwise stated, X will be assumed to be an initial universal set, E will be taken to be a set of parameters, P(X) denote the power set of X. Definition 1. [11, 8] A pair (F, A) where F is a mapping from A ⊆ E to P(X), is called a so f t set or type − 1 so f t set over X. Let S 1 (X, E) denotes the set of all soft sets or type-1 soft sets over X under the parameter E. [11, 8] . [11, 8] . [10] . 
Definition 2. Let
The set of all pseudo constant soft set over X is denoted by CS 1 (X, A).
Proposition 2. [14] Let X and Y be two nonempty sets and f
We denotes E x , the constant soft element defined by E(α) = {x}, ∀ α ∈ A and E α x , the soft element defined by E(α) = {x} and E(β ) = φ , ∀ β ( = α) ∈ A. Definition 7. [15] The soft mapping f ϕ : 
Type-2 soft sets: Following [4] , the definition and operations of Type-2 soft sets are given first and then we have introduced type-2 soft mappings and study some of its properties.
Definition 9.
[4] The pair [F , A] where F is a mapping from A to S 1 (X, A) is called type-2 soft set over (X, A). In this case, corresponding to each parameter α ∈ A, ∃ a type-1 soft set (F α , A) (say) over (X, A) such that F (α) = (F α , A) where F α : A → P(X). Also, S 2 (X, A) denotes the set of all type-2 soft sets over (X, A).
is said to be a type-2 null so f t set absolute so f t set if
F (α) = ( φ , A) F (α) = ( X, A) , ∀ α ∈ A. This is denoted by [ Φ, A] [ X , A] . Definition 11. [4] Let [F , A], [G , A] ∈ S 2 (X, A). Then their (a) Union Intersection , is a type-2 soft set [H , A], denoted by [F , A] ⊔ [G , A] = [H , A] [F , A] ⊓ [G , A] = [H , A] , is defined by H (α) = F (α) ∪ G (α) H (α) = F (α) ∩ G (α) , ∀ α ∈ A. (b) AND OR , is a type-2 soft set [H , A× A], denoted by [F , A] ∧ [G , A] = [H , A× A] [F , A] ∨ [G , A] = [H , A× A] , is defined by H (α, β ) = F (α) ∩ G (β ) H (α, β ) = F (α) ∪ G (β ) , ∀ (α, β ) ∈ (A × A).
Definition 12. [16] Let S 2 (X, A) and S 2 (Y, B) be the families of all type-2 soft sets over (X, A) and (Y, B) respectively.
The mapping f ϕ ψ :
is a type-1 soft mapping and ψ : A → B is a mapping. Also
, and is defined by ∀ β ∈ B,
, and is defined by 
Proposition 6. [16] Let X and Y be two nonempty sets and f
ϕ ψ : S 2 (X, A) → S 2 (Y, B) be a type-2 soft mapping. If [F , A], [F i , A] ∈ S 2 (X, A) and [G , B], [G i , B] ∈ S 2 (Y, B), i ∈ ∆ . Then (i) [F 1 , A] ⊑ [F 2 , A] ⇒ f ϕ ψ ([F 1 , A]) ⊑ f ϕ ψ ([F 2 , A]); (ii) [G 1 , B] ⊑ [G 2 , B] ⇒ f −1 ϕ ψ ([G 1 , B]) ⊑ f −1 ϕ ψ ([G 2 , B]); (iii) [F , A] ⊑ f −1 ϕ ψ ( f ϕ ψ ([F , A])), the equality holds if f ϕ ψ is injective. (iv) f ϕ ψ ( f −1 ϕ ψ ([G , B])) ⊑ [G , B], the equality holds if f ϕ ψ is surjective. (v) f ϕ ψ i∈∆ [F i , A] = i∈∆ f ϕ ψ ([F i , A]) ; (vi) f ϕ ψ ⊓ i∈∆ [F i , A] ⊑ ⊓ i∈∆ f ϕ ψ ([F i , A]) , the equality holds if f ϕ ψ is injective. (vii) f −1 ϕ ψ i∈∆ [G i , B] = i∈∆ f −1 ϕ ψ ([G i , B]) ; (viii) f −1 ϕ ψ ⊓ i∈∆ [G i , B] = ⊓ i∈∆ f −1 ϕ ψ ([G i , B]) .
Definition 13. [16] A type-2 soft set
We denotes E E , the constant type-2 soft element defined by E (α) = (E, A), ∀ α ∈ A and E α E , the type-2 soft element defined by E (α) = (E, A) and
Definition 14. [16] The type-2 soft mapping f
ϕ ψ : S 2 (X, A) → S 2 (Y, B) is called constant if ∃ a type-2 soft element [E , B] ∈ S 2 (Y, B) such that f ϕ ψ ([F , A]) = [E , B], ∀ [F , A][ = ( φ , A)] ∈ S 2 (X, A).
Proposition 7. [16] The type-2 soft mapping f
Proof. Proofs are follows from Proposition 5.
Definition 16.
[5] Let τ be a family of soft sets over (X, A). Define τ(e) = {F(e) : F ∈ τ} for e ∈ A. The τ is said to be a topology of soft subsets over (X, A) if τ(e) is a crisp topology on X, ∀ e ∈ A.
Definition 17. [5] Let (X, A) be the universe. Let T : A → P(P(X) A ) be a soft set over (P(X) A , A). Now T is said to be a soft topology over (X, A) if for each e ∈ A, T(e) is a topology of soft subsets over (X, A).
Definition 18. [17] A subcollection τ of S 1 (X, A) is said to be a soft topology on X if the following prperties are satisfied:
(ii) the intersection of any two soft sets in τ belongs to τ; (iii) the union of any number of soft sets in τ belongs to τ.
Remark. If τ be a Naz type soft topology defined in Definition 18, then τ(α) = {F(α) : (F, A) ∈ τ} is a crisp topology on X and hence τ is a topology of soft subsets, defined by Hazra et al. [5] . But the converse is not true in general which is shown in [12] . Also if τ be a topology of soft subsets, then we can define a topology of soft subsets τ * which is a Naz type soft topology with τ(α) = τ * (α), α ∈ A [12] .
Type-2 soft topologies
In this section, we have introduced type-2 soft topology and study some of its important properties. Unless otherwise stated, let X be a non empty set, A be the set of parameters and S 2 (X, A) be the family of all type-2 soft sets over (X, A).
Definition 19. A subcollection T of S 2 (X, A) is said to be a type-2 soft topology on X if the following prperties are satisfied:
(ii) the intersection of any two type-2 soft sets in T belongs to T ; (iii) the union of any number of type-2 soft sets in T belongs to T .
The triplet [X, A, T ] is called a type-2 soft topological space over X.
Example 1. Let X be a non-empty set and A be a set of parameters. Then 
Proof. Proof is straightforward.
Remark. The union of any two type-2 soft topologies on X may not be a type-2 soft topology on X in general, which shows the following example.
Example 2. Let X be a nonempty set, Y is a proper subset of X and A = {α, β }. Proof. Let [X, A, T ] be a type-2 soft topological space over X and α be any member of A. A) is a member of T α . Therefore, T α is a soft topology of Shabir and Naz over X, ∀ α ∈ A.
Remark. From Proposition 10, it can be seen that if [X, A, T ] is a type-2 soft topological space over X, then there is a mapping α → T (α) from the parameter set A to the collection of all soft topologies on (X, A). Thus, the question is whether the converse of the above is true or not. In the next Proposition, we get an affirmative answer to this question, and a relation between the two representations of the type-2 soft topology is obtained.
Proposition 11. Let X be a non empty set and A be a set of parameters. If T : A → P(S 1 (X, A)) be a mapping defined by T (α) is a soft topology over X, ∀ α ∈ A, then ∃ a type-2 soft topology
T * over X such that [T * ] α = T (α), ∀α ∈ A.
Proof.
Define
Therefore T * is a type-2 soft topology on X.
Next let (U, A) ∈ T (α). Now we can define a type-2 soft set [F , A] by F (α) = (U, A) and F
. Therefore, from (1) and (2) we get
Remark. If T be a type-2 soft topology on X and T * be the type-2 soft topology on X constructed by using Proposition 11. Then these two type-2 soft topologies may be different, which is shown by the following example.
Example 3. Let X be a non-empty set and
Remark. If T be a type-2 soft topology, then from Proposition 10, it can be seen that T is a Hazra et al. type soft topology on X. But the converse is not true in general which is shown by the following example. Also for any Hazra et al. type soft topology T, we can constract a Hazra et al. type soft topology T * which is a type-2 soft topology and for all
Example 4.
Let X be a non-empty set and A = {α, β }. Define a soft set T : A → P(P(X) A ) by
T(α) = {(F, A), (G, A)}, T(β ) = {(F, A), (G, A)}, where F(α) = φ , F(β ) = X, G(α) = X, G(β ) = φ . Then T is a Hazra et al. type soft topology on X, but T is not a type-2 soft topology on X since T(α) = {(F, A), (G, A)} is not a Naz type soft topology on X.
Again we define a soft set T * : 
Proposition 12. Let X and Y be two non-empty sets, T , U be two type-2 soft topologies on X, Y respectively and
f ϕ ψ : [X, A, T ] → [Y, B, U ] be a type-2 soft mapping. Then (i) f −1 ϕ ψ (U ) is a
type-2 soft topology on X, and (ii) f ϕ ψ (T ) is a type-2 soft topology on Y.
Proof. Proofs follows from Proposition 6.
Proposition 13. Let [X, A, T ] be a type-2 soft topological space and G ⊆ X. Then
Since T is a type-2 soft topology, it follows that
Since T is a type-2 soft topology, it implies that i∈∆ [F i , A] ∈ T and
Definition 21. Let [X, A, T ] and [Y, B, U ] be two type-2 soft topological spaces. The type-2 soft mapping
f ϕ ψ : [X, A, T ] → [Y, A, U ] is said to be (i) type-2 soft continuous if f −1 ϕ ψ [G , B] ∈ T , ∀ [G , B] ∈ U . (ii) type-2 soft open if f ϕ ψ [F , A] ∈ U , ∀ [F , A] ∈ T .
Proposition 14. Let [X, A, T ] and [Y, B, U ] be two type-2 soft topological spaces. A type-2 soft mapping
Since f ϕ ψ is type-2 soft continuous, it follows that f −1
. Therefore the given condition is satisfied.
Conversely let the given condition be satisfied.
Therefore f ϕ ψ is type-2 soft continuous.
Proposition 15. Let [X, A, T ] be a type-2 soft topological space. Then the identity type-2 soft mapping f
Proof. Since f ϕ ψ is an identity type-2 soft mapping, it follows that f ϕ and ψ are identity mappings. Let 
Proof. Proof is straightforward. 
Proof. We note that
is type-2 soft continuous.
is the union of the members of
Similarly it can be shown that π Y
is also type-2 soft continuous and type-2 soft open.
Next let W be any type-2 soft topology on X × Y such that the soft mappings
be any basic open type-2 soft set in T × U . Now,
Thus T × U is a subcollection of W . Therefore T × U is the smallest type-2 soft topology in X × Y for which the projection soft mappings are type-2 soft continuous. • f ϕ ψ is type-2 soft continuous.
• f ϕ ψ is an identity type-2 soft mapping. Hence by Proposition 15, the soft mapping 
ξ (H i ) (α, β ).
and hence h 
Conclusion and future work
In this paper, concepts of type-2 soft topology is introduced and studied some of its important properties. There is an wide scope for further research to extend it in topological group theory which have many applications in abstract integration theory viz. Haar measure, Haar integral etc. and also in manifold theory through the development of Lie groups.
